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A general  solution is given for a nonstationary problem in heat conductivity and the cor re -  
sponding quasi-s tat ic  problem in thermoelas t ic i ty  for compound semi-infini te  plates heated 
by heat sources in the intermediate layer .  

1. Conditions for the Thermomechanical  Contact of Orthotropic Pla tes .  Let two orthotropic plates 
of different mater ia ls  be joined by a thin orthotropic layer between them (Fig. 1). Hea t  sources are  dis- 
tributed throughout the volume of the system, heat exchange with the external  medium takes place across  
its surface in accordance with Newton's law, and there is ideal thermal  contact between the plates and the 
intermediate  layer  [1]. 

In this case, to determine the nonstationary temperature  field in the plates we have the equation of ther-  
mal conductivity [2] and the initial condition 

L,T, - -  ([~,T, -F [3~ T ;  ) = - -  (w, -+- ~,t e + ~ t:), 

L , T ~ ' 3  [ (  [~, + ~ ) T ;  + [~T] = --3(w~ + [~,t: + [~; ,,), (1) 

T I=T~ .=0  for 1:=0, i = 1 ,  2, (2) 

the conditions for the nonideal thermal  contact of compound orthotropic plates, which we obtain, as for iso- 
tropic plates without heat sources [3], in the form 

, ,-s, - -  [~s (T~ -F  T~)  = - -  2q , ,  (3 )  (p=_ ao~ (V~ + T=) + 2 ~,~ Ox 

;3 3~)(r;  T* (~o OT*~ ~o 0r;)  .o { , - -  + = ) + 2  - -  

s - -  Fo [~s ~ (r  I -- r3) @ 6 . o  or___L_l _}_ ~,xO3 [$]o (T~ -- T3) = --  2qs, 
~ , l  Ox -~x l - -  

( p ] _ _  12 3B~ )(T~ - T*3)+ 6 (~~ ) -  [~ ( 0 T ~  .o OT~ \ 3 :o T , - -  T,) = - -  6gs" 

and the conditions at the end faces Mj [2, 31, where 

~ 0 3 _ C o ,  
L~=~~  ~ _ ~ +  u~ OY - - 7  

6 

T i =  26 _~ T ~ -  263 

k~ = 21~6, ~o = 2~.~, 

1 1 
[ 3 ~ = 7 ~ - - ,  i = l ,  2; tc = - -  

rzi rzi 

p2 ~0 s 02 C o 0 
= u 0 u  3 - -  s 03 ' 

6 
. 26 

--6 

1 1 
c~ = 2c,8, ~ = T + ,'~- ' 

t + + tT-, t*~ = tJ---  t-j , C~ = C f .  
2 2 
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Fig.  1. P la t e s  (1, 2) but t - jo ined by a 
thin l aye r .  

Fig. 2. Compound s e m i -  
infinite p la tes  (1, 2)~ 

ys - -  F O  zs ~ ,zh  xs 

h h 

q~= Q8 dx, q2 = T  xQsdx' g~ = 
- •  - - h  

~ h  

6 5 

- -6  - -6  

When the t h e r m a l  conductivity p r o b l e m  is s y m m e t r i e  about the plane z = 0 [4], instead of (1)-(3), 
obtain r e spec t ive ly  

T~--O for ~ = 0 ;  

whe re  

( P':'---2~ ) (TI -+- T2) + 2 ( \ OT~ ,~ ,~m OT20x "t _ 2qs, 

12 ) (Vl- + 7U (x = 0), 

h h 

---:-_, 2t: dx, q ,=-7-  x + dx. 

- -h  - - h  

where  

If  in (6) we ignore the p roduc t s  ~,0 ao v*o tTo ,.,o or0 L x s " y s ,  - x s - s ,  Lxs zs,  we obtain the conditions 

~oxt 07"1 ~ OTz o 
Ox O ~  = - -  ws" 

( o arl + ~ o  ors) .~+o 
2(vl-r~)-62\z; ,--bT- x -~-x ] = f ; ~  (x=0), 

h h 

--h. - - h  

ao s = 2hazs. 

w e  

(4) 

(5) 

(6) 
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where  

Corresponding to the conditions (6) for  nonideal thermal  contact,  we obtain the mechanical  conditions 
in the same way as were  obtained [21 the boundary conditions at the edge of or thotropic plates supported by 
a thin orthotropie column: 

0 %~ %~ - -  a t T ~- a ~ = ~ - ( % ~  - -  ~ ) ,  (7) 
N e j  ,, , . . , .0 .  g.. 

~ ~_~ + % , 0 ,  = ~ ( ~ : ~ - ( ~ ) ,  tq=u~, v~=% ( x = o ) ,  
9s 

g.. = ~.F, g ;  = e j ,  ~ = • ~" ,  
3 

h 

1 ~ TI+T2.  O, 3 f f  x T f l x =  ~ 
O, --= - ~  T f lx  = 2 ' 2h ----Y- 2h 

Conditions (6) and (7) a r e  called the conditions for  the nonideat thermomeehaniea l  contact  of or tho-  
t ropic plates  joined by a thin orthotropic layer .  

0 0 0 0~0 0 0 *0 If we put Xys, Cs, rzs ,  zs = 1/ rzs '  Ws, Ws, gys, g~s equal to zero  in (6), (7), we obtain the condi- 
tions for  the ideal thermomechaniea l  contact  of orthotropic plates:  

OT1 OT2 
~'~ ~ - ;~=~ --~x ' T~ = T~, 

(s) 
6~ t=%2 , clx~l=axu~, tq=u~,  VI-~V~. for X ~ 0 .  

We note that if W~ ~ 0, the f i r s t  condition of (6) has the fo rm 

~=~ , ~  L = ~ 0% ~ve. ~ fo~ x = o. (~) 
Ox Ox 

Condition (9) can be used to compute the thermal  p ro ce s se s  when plates  of different  mate r ia l s  a re  butt 
welded. 

2. Tempera tu re  S t resses  in Compound Semi-Infinite P la tes .  Consider or thotropic plates  joined by 
a thin orthotropie l ayer  between them with heat sources  only in the intermediate  layer  (Fig. 2). In Eq. (4), 
where  t c = 0, w i = 0, and conditions (6), with initial condition (5), we make an integral  Four i e r  t r ans fo rm 
with respec t  to y and a Laplace t r ans fo rm with respec t  to T, solve the result ing equations with the t r ans -  
formed boundary conditions, and find the following express ion for  the F o u r i e r -  LapIaee t r ans fo rms  of the 
t empera tu re  system: 

T~ = A~ exp (-- y~x), (10) 

where  
A~ = 2 [(y0 2 + 6L~ w ~ + 3 ('y~ + 2~,x~y~) ws ] D , 

6kx,Y1) w~ -- 3 (y] + 2Lxiy,) s )l D -I, A ~ - - 2 . I ( y g +  o - o  o u 

12 ~ y~ -_ 0--- + k~ ~' + ~ ,  
af  xs 

2 
k:c i ' ~,xt rz~ 

-f = 9o dy F exp (i~lY --P~) d'q 

6 o (2xo y~ + ~). D = (6~,~ -+- g )  (2~,~ -}- Y~) -t- ( Z~V, + y~) 

If we re tu rn  f r o m  (10) by the inversion theorem for F o u r i e r -  Laplace t ransformat ions  to the originals,  
we obtain the general  solution for the nonstatio_nary the rmal  conductivity problem for the sys tem under con- 
s iderat ion.  The s t r e s s e d - d e f o r m e d  s ta te  due to the t e m p e r a t u r e  f ield is defined by the famil iar  equation 
[5] 
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a~c~ ~ o~qa i a~cb ~ 
Ox~ Ob t~ , (Yvi , r ax  ~ axa~ 

ev~ = ~ vx ~ %~ + at.T v 1 

(11) 

(12) 

subject  to (7). Here  the @i is the s t r e s s  function satisfying the equation 

ax ~ + 2so~ F s~ ~ = - -  E~ a t  

E~ E~ Ou~ av~ 

Ou~ 4" 0% 
ev~ = Oy Ox 

(13) 

If we make a F o u r i e r -  Laplace t ransformation of (11)- (13), (7), as  in [2, 6], we obtain express ions  
for  the t r ans fo rms  of the t empera tu re  s t r e s s e s  when the charac ter i s t ic  equat ion/~ - 2s0i#. ~ + s i = 0 has real  
and unequal roots:  

~-~ = - -  ~1 ~ [C~ exp (-- ~]i~x) + D~ exp (--  ~li~X) + ~T~], 

C~ --- --, D~ -- , 
do -do axy ~ 6vx; 

do = B (%,' ~ )  ~ (~w rim) + ~ (~,,  nv.) ~ (rim, ~tlt) - -  g (nw rim) ~ (nlV ni~) --  ~ (n~l, n~) ~ (n m, nil) 

c~ = P (nnl) B Oily ~]m) + l (~l~) ~ Olin, *Ini) -- l (nm) ~ 01~=, ~In,) 

d, = P (%) B 0112, ~m) + Z 01~) ~ (rim, ~1~) --  l 01m) ~ 01~, %) 

c~ = P (~lm) ~ Oh~v ~1~) - -  P (~t) ~ (~m, ~I~) + l (~lm) S (~m, nv) 

. + R (%) B (~m, ~m) - -  R (~t)  ~ ( ~ ,  

+ R (%) ~ (~,, ~ )  -- R (n~) ~ (%, 

~lm) + ~ 01m) B 01ii, ~lm); 

~iil) + l (~lu) S 0Ira, %) 

~lu) + ~ 0112)B 0]Iv ~lm); 

B (n~,,  n , , . )  = f (n, . , )  ~o (n , . )  - -  / (n , . )  r ( '1~) ;  

/:' ( % 0  = (V.  - -  z ,  - -  x=) cp (%~) - -  (,p, + . ~  - -  . 2 )  f (nh,); 

26 

where  
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Fig.  3 F ig .  4 

F ig .  3 .  T e m p e r a t u r e  s t r e s s e s  a s  funct ions of H fo r  b = 0 and 
1, mc~ = 0, 0.5, and 2. 

F ig .  4. T e m p e r a t u r e  s t r e s s e s  as  funct ions of b f o r  H = 0.34, 
m a  = 0, 0.5, and 2. 

6: 6~ 

t ~2 

#* = 2h G, } 2 G S ~}~ G~ 

If we put/~Ii =/~IIi =/~0i o r /z I i  = ~i + r i i ,  #II  = ~i - r i i  in (14), we f ind e x p r e s s i o n s  fo r  the  t r a n s f o r m s  
of the t e m p e r a t u r e  s t r e s s e s  when the  roo t s  of the above equation a r e  r e a l  and p a i r w i s e  equal (*/z0i,/~0i > 0) 

o r  complex  {~i * r i i ,  - /~i  =L r i i  , /z i > 0, r i > 0). 

If we r e t u r n  in (14) to the o r ig ina l s ,  we obtain the gene ra l  solut ion of the  quas i s t a t i c  t h e r m o e l a s t i c  
p r o b l e m  for  the p la te  s y s t e m  under  cons ide ra t ion .  

We now a s s u m e  that  the dens i ty  of the heat  s o u r c e s  in the  i n t e r m e d i a t e  l aye r  is 

W, = qcoscoy6(x, z), 

the  F o u r i e r  t r a n s f o r m a t i o n  of which  has  the  f o r m  [7] 

~/8---q V ~ - - - - [ 6 (  tl + o ) +  8 0 l - - o ) ]  6(x, 0. 

We subst i tu te  (15) in (14) and p a s s  to the  l imi t  in these  v a r i a b l e s  as  p --* 0. 
s ion t h e o r e m  fo r  the  F o u r i e r  t r a n s f o r m a t i o n  to r e t u r n  in the  e x p r e s s i o n s  thus  obtained to the o r ig ina l s ,  we 
obtain the  t e m p e r a t u r e  s t r e s s e s  in compound  p la tes  when the t e m p e r a t u r e  condi t ions  a r e  s t a t iona ry :  

~ = ~=, (co) cos coy, 0-6) 

eyi = ~ i  (o) cos  coy, %=t = ---ayx~ (co) i sin coy. 

When both the p la tes  a r e  made  of the s a m e  m a t e r i a l ,  Eqs .  (16) b e c o m e  

a~ = - -  [C exp ( - -  l~iX) + D exp ( - -  ~ i iX)+  ~0T0] cos Y, 

% -- [C ~t i exp ( - -  ~IX) + O~t~i exp ( - -  tLIIX) +.floyv/'.t cos Y. 

a~y -- - -  [C9I exp ( - -  ~tX) + D~tli exp ( - -  ~HX) + ~o~'Tol sin Y, 

, 4~r=X~6o c d 
r  C =  ~ ,  D = , Y = o y ,  X = C O x ,  

v ~ do do 

(15) 

If we then use  the  i nve r -  

(17) 
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d = N~ (~) -- M[ (~), do = ~ (~) ~ (~)  -- i (~ )  ~ (~), 

//me, ~ -~- ~ ,  H=coh, 

M = to [~oq~ (~') + % N = to [~o} (~) + 1 - -  m~j, 

- -  ~J-~-~, b - -  , y = ] / k  ~ - + - b ,  n ~ -  
~ o)2 

T o = e x p ( ~ X ~ ) [ Y + H ( m ~ + m ~ b ) ]  -~, ~ o =  y~__2soy ~ + s  ' 

to ----- To l~=o, ~ (co) = a~, 0l) I~=0, n=~, ;;~ ;0=q, c ::  Mf (~tn) - -  Nq~ (~tii). 

Eu~ 
m E : ~  , rrt?,-- 

t 
mt a ys 

~z O~zs 

Suppose  both  p l a t e s  a r e  m a d e  of g l a s s  Tex to l i t e  K A S T - V  [8], whi le  the i n t e r m e d i a t e  l a y e r  is  m a d e  of 
epoxide  r e s i n  [9, 10]. If we  subs t i tu te  in (17) the va lues  of the t h e r m o p h y s i c a l  and m e c h a n i c a l  c h a r a c t e r i s -  
t i c s  fo r  the m a t e r i a l s  of the p l a t e  and the l a y e r ,  fo r  x = 0, y = 0 we obtain the fol lowing nond imens iona l  
t e m p e r a t u r e  s t r e s s e s :  

0 / 7 [ ( +  ) ] 
o ~ =  do + 1.83 M--0 .7069N --~oto, 

(18) . o.7 ) ] 
o u -  do \ m e  H+0 .12 .1 .83  M+0.83 .2 .642N +~oY~to, 

w h e r e  

tn[l = 0.04449; m t = 1,25, m~ =0.9554, ~i = 1, ~ix = 0.83, 

b § 0.85 
vy~0 .12 ;  ~ ,=]z  b + l . 6  E u  1.932, f~o (b + 0.6) (0 .6889_ u 

d o = f (1) q~ (0.83) -- f (0.83) q~ (I). 

If in (17) we ignore the thermophysical and mechanical characteristics of the layer, i.e., we put reX, 

moz, m t, m E equal to zero, for x = 0, y = 0, and plates of glass Textolite KAST-V we find that 

~ * = ~ 0 (  1 1 p ) 1 
x ~ 1.5189 1.5189 

a * =  ( 7 ) 0 '83f~0+1 
u Y~0 1 - -  - . 

1.83 1.83 

(19) 

F r o m  (18) we c o m p u t e d  the  t e m p e r a t u r e  s t r e s s e s  u~ and u~ as  func t ions  of H, b, m s  as  shown in 
F i g s .  3, 4. F o r  c o m p a r i s o n ,  F ig .  4 a l so  con ta ins  the t e m p e r a t u r e  s t r e s s e s  (dotted l ines)  compu ted  f r o m  
(19). We s e e  f r o m  the g r a p h s  that  the i n t e r m e d i a t e  l a y e r  has  a s ign i f ican t  e f fec t  on the  t e m p e r a t u r e  s t r e s -  
s e s  in compound  p l a t e s  when t h e r e  is hea t  exchange .  

t i(x, y, z, T) 
T 

r z i  

Xxb Xyi 

Ci 
0 

tc  

X~s 

N O T A T I O N  

is  the  t e m p e r a t u r e  of the p la tes ;  
is  the t ime ;  
is  the  i n t e rna l  t h e r m a l  r e s i s t a n c e  of the p l a t e s  in the z -d i r ec t i on ;  
i s  t h e i r  r e s i s t a n c e  to hea t  exchange  on the s u r f a c e s  z = ~:6; 
a r e  the  coe f f i c i en t s  of t h e r m a l  conduc t iv i ty  of the  p l a t e s  in the  x and 

y d i r ec t ions ;  
is  t he i r  hea t  capac i t i e s ;  
a r e  the r e d u c e d  coe f f i c i en t s  of t h e r m a l  conduc t iv i ty  in the  x and y 

d i r e c t i o n s  and the hea t  capac i ty ;  
is  the t e m p e r a t u r e  of the m e d i u m  su r round ing  the s u r f a c e s  z = • of 

the s y s t e m ;  
is  the r e d u c e d  coe f f i c i en t  of t h e r m a l  conduc t iv i ty  f o r  the l a y e r  in the  

y d i rec t ion ;  
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F 
25 
2h 
wj 
r,O ,0 zs, rxs 

gys, g~s 
I 

~}s 
~txi, ~i  
(rxi, (ryi, ffyxi and exi, eyi, eyxi 

Ui, Vi 
Exi, Eyi 

Eys 
IJxi, I~yi 

Gi 

5(x) ~ 

--h 

~xi (C~ = 5xi 01) J~=~: ~=0: 

is its reduced heat capacity; 
is its cross-sectional area; 
is the thickness of the system; 
is the thickness of the layer; 
is the density of the heat sources in the plates and the layer; 
is the internal contact thermal resistance of the layer in the z and x 

directions; 
is the rigidity of the layer in tension (compression) andbending rigidity; 
is the moment of inertia; 
is the temperature coefficient of linear expansion of the layer in the y 

direction; 
are the temperature coefficients of linear expansion of the plates in 

the x and y directions; 
are the coefficients of the temperature s tress  tensor for the plates 

and of the deformation tensor; 
are the displacements of the plates in the x and y directions; 
are Young's moduli for tension (compression) of the plates in the x and 

y directions; 
is Young's modulus for tension (compression) for the layer; 
are Poisson's coefficients for the plates, defining compression in the 

y direction and extension in x direction, and conversely; 
is the shear modulus for the plates, defining the change in the angles 

between the x and y directions; 
is the Dirac delta function; 
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